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The hadronic potential at short distance 
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Abstract. A fictitious discussion is taken as a point of origin to present novel physical insight into the 
nature of gauge theory and the potential energy of QCD and QED at short distance. Emphasized is 
the considerable freedom in the cut-off function which eventually can modify the Coulomb potential of 
two charges at sufficiently small distances. Emphasized is also that the parameters of the regularization 
function (the "cut-off scale") should not be driven to infinity but kept constant in line with the modern 
interpretation of renormalization theory. The paper restricts to general aspects. The technical paraphernalia 
and the comparison with experiment are shifted to a sequence of 4 subsequent stand-alone and sufficiently 
small papers to be published immediatelely hereafter. 

PACS. ll.lO.Ef - 12.38.Aw - 12.38.Lg - 12.39.-x 



1 Introduction: Highlights of a discussion 

In the aftermath of recent conference contributions T^, I 
had to survive serious discussions whose highlights should 
be interesting for a larger audience. In a way, the argu- 
ments of a fictitious anonymous represent the state of the 
art public opinion of the high energy physics community. 
I let play him the role of the devils advocate. Here are 
some of his points: 

1. QCD interactions at short distances are scale invari- 
ant - up to the logarithmic asymptotic freedom correc- 
tions predicted from the running coupling. This near 
conformal scaling of QCD is well tested in quark-quark 
scattering and other jet physics measurements at col- 
liders. 

2. Certainly Aqcd sets the scale of the hadronic param- 
eters. It is relevant to QCD interactions at large dis- 
tances. 

3. Evidence is accumulating that the running coupling - 
as defined from the Landau gauge gluon propagator 
or observables - is well regulated at small Q^. Some 
relevant papers are [SlEElEI- 

4. It might be worthwhile to look at the Fourier transform 
of as(Q^)/Q^ where as{Q'^) is the Shirkov form, as 
given for example in the paper 

5. Pauli uses a cut-off A to motivate a modification of 
the short distance r — > QCD interaction. — Let us 
compare the Yukawa 1/(Q^ -h A^) and Coulomb l/Q^ 
interactions. They are identical at large Q^. — Their 
respective Fourier transforms potentials are the e^'^' /r 
and 1/r. They are identical at short distances r ^ 0! 

Here is a summary of my points: 

1. Relating large momentum transfers to short distances 
is often only a figure of speech. The relation between 



a scattering amplitude T{Q^) and an interaction V{r) 
is a highly non-trivial matter. 

2. Colliders measure the scattering amplitude as{Q^) /Q^ 
at large Q^. The interaction is the Fourier transform of 
as{Q^)/Q^, all are needed, and not only the large 
ones. 

3. We should be more careful about our terms of speak- 
ing, and specify by operational prescriptions what we 
mean by 'interaction' and/or 'potential'. 

4. The qq potential at short distance simply cannot go 
like as/r, whatever the numerical value of the strong 
coupling 'constant' is. 

5. The literature has too many yl's! The same mathemat- 
ical symbol refers to completely different physics. 

In this short note, I will work out to some detail why and 
to which extent I will arrive at conclusions different from 
the public opinion. 

I use this opportunity as the port of entry for present- 
ing novel insights on the nature of the gauge field inter- 
action at short distance. In (7j I will present a possible 
solution to the problem of the non perturbative renormal- 
ization in a gauge theory. In [Hj, the technical details of 
the fine and hyperfine interaction on the light cone will be 
discussed. In |^ and ^Hl I will calculate the ground state 
masses and mass spectra of all fiavor off diagonal pseudo 
scalar and pseudo vector mesons, analytically, for a linear 
and for a quadratic potential. 



2 Taking Fourier transforms 

Collider physics is consistent with asymptotic freedom, 
as(Q') 
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at sufficiently large Q^, with the famous /3o — llf^c — 2n/. 
What is its Fourier transform? 
Let us be specific. Consider 



-iqr 



(2) 



where ac{q^) 



(q^) given by Eq.Q) with the Fcyn- 



man four momentum transfer substituted by the three 
momentum transfer = (k — k')^. Integrating over the 
angles gives 
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But this integral does not exist! 

The problem is as absent for short distances r — > 0, as 
long as ac{q^) is integrable. The available 'effective' adq"^) 
in may or may not allow for /gC?<z ac{q^). 

The problem resides at the upper limit. A Fourier 
transform of a function is defined only if its limes superior 
exists, that is, it exists only if 



is a well defined expression. But Eq.|j3l it not well defined. 
It diverges at the upper limit, since: 



dq 
qlnq 



= In In q . 
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Knowing that asymptotic freedom is too weak a regula- 
tor, I have not even attempted in the past, to carry out 
point 21 of the advocate. Baldicchi and Prosperi also 
know about the problem, but they veil it by inserting a 
linear potential as a regulator, by hand and out of desper- 
ation. 

One concludes that the integral, Eq.jSl), must be regu- 
lated. What are possible alternatives? 

Cutting-off at the upper limit a la f^'^dq makes not 
much sense sense. A sharp cut-off with the step function 
R{q) = 0{q^ — A^) generates uncontrollable oscillations. 
A soft regulator function, as for example 



Riq) 



A2 
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satisfies however all important requirements, among them 
R{q) 1 for A => oo and no extra physical dimensions. 
It is dimensionless. 

In consequence one replaces Eq.© by 



Vir) 

and Eq.® by 
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qr 
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One faces now a well defined mathematical problem. 

But one faces another problem: The integrand behaves 
like: 
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sm qr 



PoH<f/AlcD) qr ■ 

The large q behavior is dominated completely by the reg- 
ulator and the rapid oscillations of the sine function. As 
compared to them, the logarithm is hyper slowly varying. 
A mathematician would treat the problem by replacing 
the slowly varying term by a constant a'^ and take it out 
of the integral. (He would call this step the saddle point 
approximation.) He thus would get 



Vir) = 



2a' 



dq Riq) 



sm qr 
qr 
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Here are the Coulomb's and Yukawas which the advocate 
refers to in his point [S] He is right, of course, in stating 
that they are identical at short distances r 0. 

The notion 'identical' is misleading: The leading sin- 
gularities cancel, but still Vir 0) is non-zero. The sys- 
tematic expansion for short distances rather gives 



Vir) 



b r . 
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plus possible higher terms to which I shall come below. 

The numerical values of a and b are less important for 
the argument. But for completeness, here they are: 



a = A , 
b^a'^ AV2. 



(11) 
(12) 



The considerations, which lead to Ea. H10|) . also highlight 
another aspect. The only piece of non ambiguous experi- 
mental information is the coupling constant at very high 
momentum transfer: The 'running' constant at the Z mass 
Mz — 91.2 GeV. Its experimental value is asiMz) — 
0.118. The coupling constant a'^ = asiqo) can thus be 
taken at comparatively large values of go- The argument 
of a'g = asiQ = 0) in P is false, since a'^ = agiqo), but 
the preliminary value 



a' = 0.1695. 



(13) 



taken from [Tj, is a useful first guess subject to later re 
adjustment. The numerical value of a'^ is comparatively 
small, much smaller in any case than the often quoted 
value a'g = 0.7. Setting the scale, hke in 



A ^ 200 MeV , 



(14) 



determines all parameters. 

The above argument shows that the asymptotic scale 
Aqcd in Eq.([3l is conceptually different from the regu- 
larization scale A in Eq.©. It is A, not Aqcd, which sets 
the scale of the problem - contrary to point [5] of the ad- 
vocate. The confusion arises since both scales are often 
quoted with the same numerical value of about 200 MeV, 
corresponding to a length scale of about 1 fm. 
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Fig. 1. The dimensionless Coulomb potential H^jv(y; 0, 1, 0) Fig. 2. The dimensionless Coulomb potential Wjv(y; 0,0,1) 
is plotted versus the radius parameter y = Ar. The different is plotted versus the radius parameter y — Xr. The different 
A'^ = 4, 5, 6, 7, 8 are drawn by the curves from bottom to top. A'^ = 4, 5, 6, 7, 8 are drawn by the curves from bottom to top. 



3 The generalized regulator function 

It should be emphasized that the limit X oo may not be 
taken in Eq.®: For A ^ oo, one is back to the undefined 
problem of Eq. iPJ . 

The same conclusion will also be reached with the 
renormalization group equations . The renormalization 
group equations require also that the regulator func- 
tion has well defined derivatives with respect to A. This 
excludes the step function of the sharp cut-off from the 
class of admitted regulator functions. The theta function 
is a distribution with only ill defined derivatives. Having 
understood these essentials, one can phrase things in a 
very simple way. 

Do the above statements imply that the 'soft' regulator 
in Eq.© is the only one admitted? — Of course not. 

In fact, one has a large class of 'generalized regulator 
functions' Q]: 
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The partials A"9"/9A" are dimensionless and indepen- 
dent of a change in A. The arbitrarily many coefficients 
si,...,S7v are renormalization group invariants and, as 
such, subject to be determined by experiment. 

The generalized regulator yields immediately the gen- 
eralized Coulomb potential 



Vir) = -- 
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with = \. This result illustrates an other important 
point: The power series in front of the exponential are 
nothing but a spelled out version of Laguerre polynomi- 
als. Laguerre polynomials are a complete set of functions. 
Ea. Hl()|) is thus potentially able to reproduce an arbitrary 



function of r. The description in terms of a generating 
function, as in Eas. (|15(l or (|16|l . is therefore complete. 

The large number of parameter in Ea. (|16() can be 
controlled by the following construction: The coefficients 
s„ in Eq. I|16|) are expressed in terms of only three param- 
eters a, 6, and c, by 



_ 1 



n\ (n-1)! (n-2)! (n - 3)! 
The first few coefficients are then explicitly 



(17) 



So = 1 

si = 1 
I 

! 



52 = 

53 = 



a 
a 



Si— nJ + -S+n+C 



b + c , 



(18) 



As a consequence, the dimensionless Coulomb potential 
depends on r only through the dimensionless combination 
y = Ar: 



WNiy;a,b,c) 



Vjr) 
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N 
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In the near zone, it is a quadratic function of y, 

WNiy, a, b,c) = a + by + cy^ , (20) 

independent of the value of N. The remainder starts at 
most with power y^^^. A value of a = c = and b — 1 
should yield a linear set of functions WV(2/; 0,1,0) ~ y 
in the near zone. As shown in Fig. ^ with the original 
Mathematica plot, this happens to be true for surprisingly 
large values of y, i.e. not only for y ^ 1. The value of 
N essentially controls the height of a barrier. Similarly, 
Wffiy, 0, 0, 1) = generates a set of functions which are 
strictly quadratic in the near zone. Again, N controls the 
height of a barrier. 

The physical picture which develops is illustrated in 
Fig. El In the far zone, for sufficiently large r, the potential 
energy coincides with the conventional Coulomb potential 
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— Since the potential is attractive, it can host bound 
states which are probably those realized in weak binding. 
In the near zone, for sufficiently small r, the potential 
behaves like a power series CQ+cir+C2r'^ which potentially 
can host the bound states of strong coupling, provided the 
actual parameter values allow for that. In the intermediate 
zone, the actual potential must interpolate between these 
two extremes, since Ea. ()16|) is an analytic function of r. 
Most likely this is done by developing a barrier of finite 
height, depending on the actual parameter values. The 
onset of the near and intermediate regimes must occur for 
relative distances of the quarks, which are comparable to 
the Compton wave length associated with their reduced 
mass. If the distance is smaller, one expects deviations 
from the classical regime by elementary considerations on 
quantum mechanics, indeed. 



4 Conclusions and remaining mysteries 
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Fig. 3. Schematic behavior of the renormalized Coulomb po- 
tential, see also the discussion in the text. 



Once the arguments in Sec. |21 are accepted for Quantum 
Chromodynamics (QCD), one must accept them also for 
Quantum Electrodynamics (QED). The integral in Eq.Q 
for QED diverges even stronger than for QCD. I thus ar- 
rive at the incredible conclusion that the potential energy 
between a muon and an electron is linear (or quadratic!) 
for sufficiently short distance. 

Do I want to overthrow everything? — As a matter 
of fact: no! The scales are such that the hadronic length 
scale Ru = h/\c ^ 1 fm is very much smaller than the 
Bohr scale Rb — h/rUeC- l/a ~ 386-137 fm. The electron 
simply 'does not see' the details at short distance except 
for a small perturbation. We know that from the hydrogen 
atom where the finite size of the proton gives only a small 
finite size correction. 

The second important conclusion is that linear (or 
quadratic!) confinement can not go on forever. Confine- 
ment must be short distance phenomenon, in sharp con- 
trast to the teleological or theological beliefs of the com- 
munity. The hadronic potential allows for continuous spec- 
tra. 

The only mystery remaining is that Lattice Gauge 
Theories and their representatives insist on a singularity 
at short distance, 

V(r) ^ + br ^ ~a + br, (21) 
r 

although inherently to the method. Lattice Gauge Theory 
can not carry out calculations at the singularity r = 0. 
The value of the constant a can take arbitrarily large val- 
ues, but it must be finite, by definition. I have insufficient 
working knowledge to comment any further on these ques- 
tions. 

"Subtle is the Lord, but nasty is he not." 
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